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General relativity (GR) predicts concordant trajectories for photons and gravitational waves
(GW). We propose a new multi-messenger avenue (GW-CMB-CMB) to prove this aspect of fun-
damental physics by cross-correlating the GW signal of astrophysical origin with the lensing field
derived from the cosmic microwave background (CMB). This new window will allow robust mea-
surement of the prediction from GR with high signal-to-noise and will be able to unveil the true
nature of gravity using the GW sources detected by missions such as the Laser Interferometer Space
Antenna (LISA), Cosmic Explorer.
Introduction : Our endeavour to understand the Uni-
verse through Electromagnetic Waves (EWs) over a wide
frequency band ranging from radio to gamma-rays has
enabled us to construct the standard model of cosmol-
ogy over a large redshift range and unveiled various cos-
mic secrets. Several probes such as supernovae, the Cos-
mic Microwave Background (CMB), galaxy surveys, and
quasars are the founding pillars of the Lambda Cold Dark
Matter (LCDM) standard model of the Universe. This
model matches the observational evidence of enigmatic
late-time acceleration and invisible, dark matter.
Gravitational Waves (GWs) are a new avenue capable
of probing the Universe through white dwarfs, neutron
stars, binary black holes (BBHs). In the framework of
General Relativity, GWs (like EWs) propagate along the
geodesics defined by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric. However, due to the presence of
the matter distribution in the Universe, GWs interact
gravitationally with the matter distribution and hence
propagate through the perturbed FLRW metric, written
as
ds2 = (1− 2Φ)dt2− a(t)2(1− 2Ψ)(dx2 + dy2 + dz2), (1)
where, a(t) is the scale factor, Φ & Ψ are the scalar per-
turbations due to the matter distribution in the Universe.
We propose a new method for probing the propaga-
tion of GWs in a perturbed metric. General relativity
predicts that weak lensing due to the intervening matter
distribution affects the geodesics of EWs and GWs in the
same manner[1] (see the schematic diagram in Fig. 1). To
test this fundamental prediction, the cross-correlation of
GW and EW signals we propose is the only known av-
enue capable to detect the gravitational lensing of GW
unambiguously.
FIG. 1: GR predicts identical geodesics of the lensed
GW as for the lensed photons due to cosmic
perturbations and hence should be correlated. This
schematic diagram depicts the physical mechanism
behind the correlation between the lensed CMB photons
and the lensed GW signal from astrophysical sources.
Furthermore, this new avenue will be capable to ex-
plore multiple theoretical aspects such as (i) alternative
theories to GR [2, 3] (by probing the running of the
Planck mass, anisotropic stress, graviton mass); (ii) di-
mensions of the space-time [4]; and (iii) the difference
between the two scalar potentials Φ and Ψ [5–9]. We
note parenthetically that the single combined EW/GW
observation to date ruled out vast swathes of alternative
gravity models via the time-delay between EW and GW
signals [10]: constraining geodesic trajectories is just as
powerful an observable to explore fundamental physics.
This method opens a new scientific window to study
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2fundamental physics from GW binaries by exploring the
two-point correlation between GW strain and CMB lens-
ing (or equivalently the three-point correlation between
GW strain and CMB fields such as temperature and po-
larization anisotropies) and goes beyond the luminosity
distance-redshift test which probes only the background
cosmology. It also enables a correct estimate of the sig-
natures of modified gravity theories from the strain of the
GW signal by eliminating the degeneracy with the weak
lensing field. Finally, our proposed scheme makes it pos-
sible to remove the effect of weak lensing (or delense)
from the GW signal and hence reduce the additional un-
certainty in the GW source parameters.
Weak lensing of CMB : Cosmological observables like
the CMB and the galaxy field carry the imprint of lensing
and were measured recently [11]. The weak lensing of the
CMB temperature (T ) and the polarization field (E, B)
can be written as
X˜(nˆ) = X(nˆ+ ~5φ(nˆ)), (2)
where X ∈ T,E,B and ~5φ(nˆ) is the deflection an-
gle and φ(nˆ) is the lensing potential. Different lens-
ing estimators [12–14] are developed to reconstruct this
signal by using the off-diagonal correlations between
T, E, B (EB, TT,EE, TE,BB, TB). The commonly
used quadratic minimum variance estimator [12] recon-
structs the lensing potential with the corresponding lens-
ing reconstruction noise Nκκl [12] which is obtained from
all the cross & autocorrelations between T, E, B men-
tioned above.
The deflection angle ~5φ is related to the lensing con-
vergence field κ by the relation κ = − 52 φ/2 (or in
the spherical harmonic space 1 by the relation κlm =
l(l + 1)φlm/2). This in turn is related to the interven-
ing matter distribution between us and the CMB source
plane by the relation
κCMB(nˆ) =
∫ zs
0
dz
3
2
ΩmH
2
0 (1 + z)χ(z)
cH(z)[
(χ(zs)− χ(z))
(χ(zs))
δ(χ(z)nˆ, z)
]
,
(3)
where zs = 1089 is the source redshift of CMB, H0 is the
Hubble constant, Ωm is the matter density, χ(z) is the
comoving distance to redshift z and δ is the perturbation
in the matter distribution. Here we have used the Poisson
equation, 52Φ = 3Ωm0H20δ/2a to connect the potential
Φ with the matter density perturbations δ.
Effect of cosmological perturbations on GWs : GW
strain from the inspiraling binaries can be written in
1 Any spin−0 field P (nˆ) in the sky can be written in the spherical
harmonics basis as P (nˆ) =
∑
lm PlmYlm(nˆ).
Newtonian order 2 in frequency domain (ν) as [1, 15–17]
h(νz) = Q(angles)
√
5
24
G5/6M2z (νzMz)
−7/6
c3/2pi2/3dL
eiφz , (4)
where νz and Mz are redshifted frequency and redshifted
chirp mass respectively which are related to the source
chirp mass Mc and emitted frequency νe by Mz = (1 +
z)Mc and νz = νe/(1 + z). φz = 2piνzt0 + φr(t0) is
the phase of the GWs with t0 as the stationary point of
the phase. Q(angles) is the factor which depends upon
the source orientation. The above equation is valid only
in the inspiraling phase of the binaries and not during
its merger. The information regarding the background
cosmology can be inferred from the luminosity distance
independently of the chirp mass by using the relationship
[18]
dL ∝ 1
h¯(t)τν2
, where τ ≡
(
dν/dt
ν
)−1
∝ piM
2
z
(piMz)11/3ν8/3
,
and h¯(t) ∝ Mz(piνzMz)
2/3
dL
.
(5)
Here h¯ is the GW strain averaged over detectors and
source orientations and τ is the time-scale related to the
change of the frequency. The above quantity is indepen-
dent of the chirp mass and is an useful estimator of the
luminosity distance [18]. A more general luminosity dis-
tance estimator using the two polarization states of the
GW (h+, h×) and the source orientation has also been
studied [19].
The observed GW strain can be modeled as hobs(t) =
h(t) + n(t) where h(t) is the signal strain and n(t) is the
noise strain. The signal-to-noise ratio (ρ) for the GW
signal can be written in the frequency domain as [17, 20]
3
ρ2 = 4
∫ ∞
0
ν2|h(ν)|2
|hn(ν)|2 d ln ν, (6)
where hn is the dimensionless noise strain which depends
upon the experimental noise power spectrum (Sn) as
|hn(ν)|2 = νSn. |h(ν)|2 is the power spectrum of the
signal strain and depends upon the GW source proper-
ties and luminosity distance as mentioned in Eq. (4).
GWs propagate through the geodesics defined by the
perturbed FLRW metric defined in Eq. (1). The pres-
ence of cosmological perturbations in this metric leads
2 For this paper, we will use the Newtonian waveform [15], which
can be generalized to the waveform including Post-Newtonian
(PN) corrections and also with the waveform generated using
numerical relativity. Inclusion of the PN corrections will not
change the primary concept of this paper.
3 The factor 4 appears due to the definition of the SNR with only
one-sided noise density. Usually the characteristic strain hc(ν) ≡
2νh(ν) is used in the literature.
3to change in the emitted GW frequency ν˜ which can be
written as [21]
ν˜ = ν
(
1−
(
Φ|re − (~n.~v)|re −
∫ λr
λe
∂η(Ψ + Φ)dλ
′
))
, (7)
where, the first term is the Sachs-Wolfe (SW) effect, the
second term is the Doppler effect due to the difference
in the velocity of the source and the observer, and the
third term is the Integrated-SW (ISW) effect due to the
presence of dark energy. The RMS fluctuations in ν is
of the order 10−5 [21] and can be considered to be a
negligible effect for the current discussion.
The GW strain also gets modified by the matter per-
turbations [21–24], with the dominant contributions aris-
ing from lensing for the GW sources at high redshift
h˜(nˆ, νz) = h(νz)[1 + κgw(nˆ)], (8)
where κgw(nˆ) is the convergence field due to weak lensing,
which can be written in terms of the intervening matter
density field δ by the relation
κgw(nˆ) =
∫ zs
0
dz
3
2
ΩmH
2
0 (1 + z)χ(z)
cH(z)∫ ∞
z
dz′
dngw(z
′)
dz′
(χ(z′)− χ(z))
(χ(z′))
δ(χ(z)nˆ, z).
(9)
Here
dngw(z)
dz is the normalised (
∫
dz
dngw(z)
dz = 1) redshift
distribution of the GW sources, χ(z) is the comoving
distance to redshift z, Ωm ≡ ρm/ρc is the matter density
in terms of critical density ρc and H0 is the current value
of the Hubble parameter.
The all-sky lensing convergence map can be expressed
as κ(nˆ) =
∑
lm κlmYlm(nˆ), where Ylm(nˆ) are the spher-
ical harmonics basis. The correlation between the con-
vergence lensing field of the CMB and GWs due to the
perturbed geodesics can be written as
C
κgwκcmb
l ≡ 〈(κgw)lm(κ∗cmb)l′m′〉δll′δmm′ , (10)
where the angular bracket denotes ensemble average and
C
κgwκcmb
l is the power spectrum of the cross-correlation
field between CMB and GWs which can be written as
C
κgwκcmb
l =
∫
dz
χ2
H(z)
c
[
Wgw(χ(z))Wcmb(χ(z))
× Pδ((l + 1/2)/χ(z))
]
.
(11)
Here Pδ((l + 1/2)/χ) is the non-linear matter power
spectrum of the cosmic density field evaluated at k =
(l + 1/2)/χ(z) in the Limber approximation, obtained
using the numerical code CLASS [25–27]. Wgw(χ(z))
and Wcmb(χ(z)) are the GW and CMB lensing kernels,
respectively. This correlation is observable as a GW-
CMB-CMB three-point correlation since the estimate
FIG. 2: The theoretical RMS signal of the CMB
lensing-GW correlation and GW-GW correlation due to
the convergence field is shown in blue and red
respectively as a function of redshift for best-fit
cosmological parameters using the non-linear matter
power spectrum.
of the CMB lensing potential is quadratic in the CMB
anisotropies. The predicted root mean square (RMS) sig-
nal strength ∆GW−CMB ≡ [
∑
l(2l + 1)C
κgwκcmb
l /4pi]
1/2
for the LCDM model in the framework of general relativ-
ity is shown as a function of redshift z of the source in Fig.
2. We have taken the GW source redshift distribution as
dn
dz = δ(z− z′) for the plot in Fig. 2. The theoretical sig-
nal strength of CMB lensing-GW correlation for LCDM
model is greater than 10−2 at redshift above 0.5. Since
the CMB source redshift is at zs = 1089, the GW sources
present at high redshift have more overlap with the CMB
lensing kernel and hence exhibit a stronger signal. The
auto-correlation between the GW signal is also depicted
in Fig. 2, in accordance with [21]. Along with CMB
lensing-GW correlation, galaxy-GW cross-correlation is
another avenue to study the lensing of GW strain [28].
Estimator of the convergence field from GW strain :
In order to make an estimate of the convergence field from
the luminosity distance, we need to make an estimate of
the true luminosity distance desL to the GW source by
using the redshift z of the source and the best-fit cosmo-
logical parameters. The massive BBHs which can be de-
tected by LISA are expected to have the electromagnetic
signatures [29–34] and we can identify the host galaxy
[35] and its redshift (z) using upcoming missions [36–39]
or other dedicated spectroscopic surveys. For stellar ori-
gin BBHs which can be probed from Cosmic Explorer,
we may not have electromagnetic counter-part and as a
result, the redshift error will be large.
So, by using the redshift from the electromagnetic
follow-up and the value of the background cosmological
parameters from large scale structure and CMB upcom-
ing missions [36, 40–42], 4 we can estimate the luminosity
4 These cosmological probes will reach a much better accuracy in
4distance desL as
desL =
c
H0
(1 + z¯)
∫ z¯
0
dz′√
Ω¯m(1 + z′)3 + Ω¯de
. (12)
By using Eq. (5) and (8), we can write the estimator of
the convergence field for a distribution of the GW sources
as
DˆL(nˆ) = κgw(nˆ) + (nˆ)− (nˆ)κgw(nˆ), (13)
here DˆL(nˆ) ≡ 1 − DL(nˆ)desL (nˆ) is a probe to the convergence
field along with an additional term which is related to the
error  = 1−dL/desL ) in the estimate of the true luminos-
ity distance. We expect the error  to be small ( << 1) if
the source redshift and cosmological parameters are mea-
sured accurately. More details about the estimator can
be found in [28]. The BBH sources of LISA can have an
electromagnetic counterpart [29–34] which will allow to
obtain the redshift of these objects. As a result, the sec-
ond term in Eq. (13) can be negligible for 104−107 M.
The error in the redshift measurement from a follow-up
photometric survey is considered as σz/(1 + z) = 0.03
in this analysis. However, the redshift error can be neg-
ligible (σz ≈ 0) for a spectroscopic follow-up mission,
resulting in an improvement in the SNR. For stellar ori-
gin BBHs which can be probed from Cosmic Explorer,
we may not have electromagnetic counter-part and as a
result, the desl will be noise dominant leading to a large
. In our analysis, we have taken this into account by
considering 100% error in the estimate of source redshift
for the forecast of Cosmic Explorer.
The cross-correlation Eˆκgwκcmb between the conver-
gence field from CMB κˆCMB(nˆ) and the DˆL(nˆ) signal
can be written as
Eˆκgwκcmb =
∫
d2nˆ
4pi
(
(nˆ) + κˆgw(nˆ)
)
κˆCMB(nˆ
′). (14)
The correlation of the GW strain with the convergence
map is a three-point correlation function (also called the
bispectrum [43, 44]) between two CMB fields (T E, B)
and the GW strain. This equation implies that the
sources of GW compact objects detected at a direction nˆ
with a strain h˜(ν, nˆ) will show a correlated signal with the
convergence map obtained from the CMB. As the conver-
gence field is uncorrelated with the error (nˆ), the first
term on the right hand side goes to zero. The second
term is a cosmological signal which captures the RMS
fluctuations due to the convergence field of CMB and
GW.
The corresponding covariance matrix with a diagonal
the cosmological parameters than the current estimates.
approximation can be calculated using
(σgw−cmbl )
2 =
1
fsky(2l + 1)
(
(C
κgwκgw
l +N
DD
l )(C
κcmb
l
+Nκκl ) + (C
κgwκCMB
l )
2
)
,
(15)
where, C
κgwκgw
l = 〈(κgw)lm(κgw)l′m′〉δll′δmm′ is the con-
vergence power-spectrum from the auto-correlation of
GW-GW, NDDl is the measurement error associated with
the GW luminosity distance determination (we explain
this quantity in details later), Nκκl is the reconstruction
noise due to lensing estimation [12] (as we mentioned
previously) and fsky is the sky fraction available com-
mon between the GW sources and CMB. For number of
GW sources Ngw with the same value of σdl , the spatial
GW noise mentioned in Eq. (15) can be written as
NDDl =
4pi
Ngw
(
σ2dl
d2l
+
σ2b
d2l
)
el
2θ2min/8 ln 2, (16)
where σ2dl can be obtained using Eq. (6) and σ
2
b is the er-
ror due to the estimation of the background cosmological
parameters, lensing and redshift of the GW source. The
presence of the sky-localization error for the GW sources
will lead to a poor angular resolution of the GW sources,
and as a result the spatial correlations cannot be probed
for scales smaller than the angular scale of the sky lo-
calization error. This translates to a maximum value of
lmax ≈ 180◦/θmin, beyond which there is no signal and
the CMB lensing-GW correlation is noise dominated.
The SNR of the CMB lensing-GW correlation can be
written in terms of C
κgwκcmb
l and σ
gw−cmb
l are defined
in Eq. (11) and Eq. (15) respectively as (SNR)2 =∑lmax
l
(
C
κgwκcmb
l
σgw−cmbl
)2
. Using the LISA noise and the New-
tonian GW waveform of the form mentioned in Eq.
(4), we make a Fisher estimate of the luminosity dis-
tance error for different masses of BBHs up to a maxi-
mum frequency equal to the merger frequency defined as
νmerge = 205(20M/M) Hz [20]. We do not consider the
merger and ringdown phase of the BBHs in the estimate
of the SNR for this paper. Inclusion of the merger and
ring-down phase of BBHs will improve the SNR [45].
Forecast for LISA and Cosmic Explorer : The CMB
lensing-GW correlation is strong for GW sources at high
redshift (as depicted in Fig. 2) and hence we expect
that the signal will be more easily accessible from LISA
[46] and Cosmic Explorer [47] than from LIGO [48] (for
the currently predicted merger rates [49]). However, if
the number of GW sources are more by about an order
of magnitude than the current estimate of the event rate
[49] then this signal is also accessible from advance-LIGO.
In this analysis, we treat the number of GW sources Ngw
and the smallest angular scale θmin as free parameters.
5The numbers of GW sources per unit redshift for four
years of LISA operational time are motivated from a
few recent theoretical studies [50, 51]. For the Cosmic
Explorer-like survey, we have taken GW detection rate
∆ngw/∆T = 2 − 600 Gpc−3 yr−1 (comoving volume)
[49]. For LISA and Cosmic Explorer we plot the cumu-
lative SNR/
√
fsky in Fig. 3 for a total mass of 2 × 105
M and 50M (Mtotal ≡ M1 + M2) of the BBHs (with
Mratio ≡ M1/M2 = 1) as a function of the maximum
redshift (considered in the cumulative SNR), Ngw and
θmin. The region in cyan indicate SNR ≤ 3 for fsky = 1.
This plot indicate that there is a large measurable win-
dow for different possibilities of Ngw,MBH , θmin which
can probe the CMB lensing-GW correlation signal with
high statistical significance. The detection of the GW
sources with electromagnetic counterparts are going to
improve the sky localization of the source [52]. This will
result into further improvement of the lensing signal from
gravitational waves.
Conclusion : The cross-correlation of CMB-photons
and GW signal can be a path-breaking probe of funda-
mental physics. First, to observe the expected correlation
proves that the GWs and EWs propagate on identical
spacetime geodesics. The existence of a non-zero corre-
lation between these two signals will manifestly verify a
fundamental prediction of general relativity. Secondly,
the strength of the correlated signal will also probe al-
ternative theories to general relativity. Under the frame-
work of general relativity and the LCDM model of cos-
mology, the predicted signal as a function of GW source
redshift is shown in Fig. 1. Any variation from this pre-
dicted signal for the known BBHs distributions will be
a signature of alternative theories to general relativity
[2–4]. Thirdly, this probes the gravitational influence of
matter on GWs, or graviton-graviton interactions in the
perturbation regime [53]. Our approach also makes it
possible to measure any deviation in the scalar poten-
tials Φ and Ψ from the prediction of general relativity.
This method can also be more generally applied to study
the cross-correlation of the GW signal from neutron star
binaries, black hole-neutron star binaries and with other
probes of cosmic density field such as galaxy surveys [28].
Acknowledgement The authors would like to ac-
knowledge the use of LISA sensitivity curve tool [54].
S.M. would like to thank Karim Benabed, Luc Blanchet,
Neal Dalal, Irina Dvorkin, Zoltan Haiman, David Spergel
and Samaya Nissanke for useful inputs. B.D.W. would
like to thank Tessa Baker for insightful discussions on
alternative theories of gravity and pointing to impor-
tant references. S.M. and B.D.W acknowledge the sup-
port of the Simons Foundation and the Labex ILP (ref-
erence ANR-10-LABX-63) part of the Idex SUPER,
and received financial state aid managed by the Agence
Nationale de la Recherche, as part of the programme
Investissements d’Avenir under the reference ANR-11-
IDEX-0004-02. BDW thanks the CCPP at NYU for hos-
(a)
(b)
FIG. 3: We show the cumulative SNR as a function of
the maximum cosmological redshift (z). We have
considered only the inspiral phase of the unit mass-ratio
BBH with total masses (a) 2× 105M and (b) 50M.
The area within the shaded region has SNR less than
three for fsky = 1.
pitality during the completion of this work. We have used
the following packages in this analysis: CLASS [25–27],
IPython [55], Mathematica [56], Matplotlib [57], NumPy
[58], and SciPy [59].
∗ mukherje@iap.fr
† bwandelt@iap.fr
‡ joseph.silk@physics.ox.ac.uk
[1] S. W. Hawking and W. Israel, Three hundred years of
gravitation (Cambridge University Press, 1987).
[2] I. D. Saltas, I. Sawicki, L. Amendola, and M. Kunz, Phys.
Rev. Lett. 113, 191101 (2014), 1406.7139.
[3] A. Nishizawa, Phys. Rev. D97, 104037 (2018),
1710.04825.
[4] V. Cardoso, O. J. C. Dias, and J. P. S. Lemos, Phys. Rev.
D67, 064026 (2003), hep-th/0212168.
[5] S. M. Carroll, I. Sawicki, A. Silvestri, and M. Trodden,
6New J. Phys. 8, 323 (2006), astro-ph/0607458.
[6] R. Bean, D. Bernat, L. Pogosian, A. Silvestri, and
M. Trodden, Phys. Rev. D75, 064020 (2007), astro-
ph/0611321.
[7] W. Hu and I. Sawicki, Phys. Rev. D76, 104043 (2007),
0708.1190.
[8] F. Schmidt, Phys. Rev. D78, 043002 (2008), 0805.4812.
[9] A. Silvestri, L. Pogosian, and R. V. Buniy, Phys. Rev.
D87, 104015 (2013), 1302.1193.
[10] T. Baker, E. Bellini, P. G. Ferreira, M. Lagos,
J. Noller, and I. Sawicki, Phys. Rev. Lett. 119,
251301 (2017), URL https://link.aps.org/doi/10.
1103/PhysRevLett.119.251301.
[11] P. A. R. Ade et al. (Planck), Astron. Astrophys. 594,
A15 (2016), 1502.01591.
[12] T. Okamoto and W. Hu, Phys. Rev. D67, 083002 (2003),
astro-ph/0301031.
[13] J. Carron and A. Lewis, Phys. Rev. D96, 063510 (2017),
1704.08230.
[14] M. Millea, E. Anderes, B. D. Wandelt, and M. Millea,
ArXiv e-prints (2017), 1708.06753.
[15] C. Cutler and E. E. Flanagan, Phys. Rev. D49, 2658
(1994), gr-qc/9402014.
[16] E. Poisson and C. M. Will, Phys. Rev. D52, 848 (1995),
gr-qc/9502040.
[17] M. Maggiore and O. U. Press, Gravitational Waves: Vol-
ume 1: Theory and Experiments, Gravitational Waves
(OUP Oxford, 2008), ISBN 9780198570745, URL https:
//books.google.com/books?id=AqVpQgAACAAJ.
[18] B. F. Schutz, Nature 323, 310 (1986).
[19] S. Nissanke, D. E. Holz, S. A. Hughes, N. Dalal, and J. L.
Sievers, ApJ 725, 496 (2010), 0904.1017.
[20] E. E. Flanagan and S. A. Hughes, Phys. Rev. D57, 4535
(1998), gr-qc/9701039.
[21] P. Laguna, S. L. Larson, D. Spergel, and N. Yunes, As-
trophys. J. 715, L12 (2010), 0905.1908.
[22] S. Camera and A. Nishizawa, Phys. Rev. Lett. 110,
151103 (2013), 1303.5446.
[23] R. Takahashi, Astrophys. J. 644, 80 (2006), astro-
ph/0511517.
[24] D. Bertacca, A. Raccanelli, N. Bartolo, and S. Matarrese,
Phys. Dark Univ. 20, 32 (2018), 1702.01750.
[25] J. Lesgourgues, ArXiv e-prints (2011), 1104.2932.
[26] B. Audren and J. Lesgourgues, JCAP 10, 037 (2011),
1106.2607.
[27] D. Blas, J. Lesgourgues, and T. Tram, JCAP 7, 034
(2011), 1104.2933.
[28] S. Mukherjee, B. Wandelt, and J. Silk, Submitted to MN-
RAS (2019).
[29] B. Giacomazzo, J. G. Baker, M. C. Miller, C. S.
Reynolds, and J. R. van Meter, The Astrophysical Jour-
nal Letters 752, L15 (2012), URL http://stacks.iop.
org/2041-8205/752/i=1/a=L15.
[30] Z. Haiman, Found. Phys. 48, 1430 (2018).
[31] C. Palenzuela, L. Lehner, and S. L. Liebling, Science 329,
927 (2010), 1005.1067.
[32] B. D. Farris, P. Duffell, A. I. MacFadyen, and Z. Haiman,
Mon. Not. Roy. Astron. Soc. 447, L80 (2015), 1409.5124.
[33] R. Gold, V. Paschalidis, M. Ruiz, S. L. Shapiro, Z. B. Eti-
enne, and H. P. Pfeiffer, Phys. Rev. D90, 104030 (2014),
1410.1543.
[34] P. J. Armitage and P. Natarajan, Astrophys. J. 567, L9
(2002), astro-ph/0201318.
[35] A. Petiteau, S. Babak, and A. Sesana, Astrophys. J. 732,
82 (2011), 1102.0769.
[36] LSST Science Collaboration, P. A. Abell, J. Allison, S. F.
Anderson, J. R. Andrew, J. R. P. Angel, L. Armus, D. Ar-
nett, S. J. Asztalos, T. S. Axelrod, et al., ArXiv e-prints
(2009), 0912.0201.
[37] P. Padovani et al., ArXiv e-prints (2017), 1705.06064.
[38] https://www.eso.org/sci/publications.html, https:
//www.eso.org/sci/publications.html.
[39] R. Maartens, F. B. Abdalla, M. Jarvis, and M. G. Santos
(SKA Cosmology SWG), PoS AASKA14, 016 (2015),
1501.04076.
[40] A. Refregier, A. Amara, T. D. Kitching, A. Rassat,
R. Scaramella, J. Weller, and f. t. Euclid Imaging Con-
sortium, ArXiv e-prints (2010), 1001.0061.
[41] O. Dore et al. (WFIRST), ArXiv e-prints (2018),
1804.03628.
[42] K. N. Abazajian et al. (CMB-S4), ArXiv e-prints (2016),
1610.02743.
[43] A. Lewis, A. Challinor, and D. Hanson, Journal of Cos-
mology and Astro-Particle Physics 2011, 018 (2011),
1101.2234.
[44] A. Mangilli, B. Wandelt, F. Elsner, and M. Liguori, As-
tron. Astrophys. 555, A82 (2013), 1303.1722.
[45] D. E. Holz and S. A. Hughes, Astrophys. J. 629, 15
(2005), astro-ph/0504616.
[46] P. Amaro-Seoane, H. Audley, S. Babak, J. Baker, E. Ba-
rausse, P. Bender, E. Berti, P. Binetruy, M. Born, D. Bor-
toluzzi, et al., ArXiv e-prints (2017), 1702.00786.
[47] B. P. Abbott et al. (LIGO Scientific), Class. Quant. Grav.
34, 044001 (2017), 1607.08697.
[48] https://www.ligo.org, https://www.ligo.org.
[49] B. P. Abbott et al. (LIGO Scientific, Virgo), Astrophys.
J. 833, L1 (2016), 1602.03842.
[50] M. Micic, K. Holley-Bockelmann, S. Sigurdsson, and
T. Abel, MNRAS 380, 1533 (2007), astro-ph/0703540.
[51] A. Klein, E. Barausse, A. Sesana, A. Petiteau, E. Berti,
S. Babak, J. Gair, S. Aoudia, I. Hinder, F. Ohme, et al.,
Phys. Rev. D 93, 024003 (2016), URL https://link.
aps.org/doi/10.1103/PhysRevD.93.024003.
[52] S. Nissanke, J. Sievers, N. Dalal, and D. Holz, Astrophys.
J. 739, 99 (2011), 1105.3184.
[53] G. Delfino, K. Krasnov, and C. Scarinci, JHEP 03, 119
(2015), 1210.6215.
[54] http://www.srl.caltech.edu/∼
shane/sensitivity/MakeCurve.html, http://www.srl.
caltech.edu/~shane/sensitivity/MakeCurve.html.
[55] F. Pe´rez and B. E. Granger, Computing in Science and
Engineering 9, 21 (2007), ISSN 1521-9615, URL http:
//ipython.org.
[56] W. R. Inc., Mathematica, Version 12.0, champaign, IL,
2019.
[57] J. D. Hunter, Computing In Science & Engineering 9, 90
(2007).
[58] S. van der Walt, S. C. Colbert, and G. Varoquaux,
Computing in Science and Engineering 13, 22 (2011),
1102.1523.
[59] E. Jones, T. Oliphant, P. Peterson, et al., SciPy: Open
source scientific tools for Python (2001–), [Online; ac-
cessed ¡today¿], URL http://www.scipy.org/.
